We derive a formula for the Dijkgraaf-Witten invariants of orientable Seifert 3-manifolds with orientable bases.
Introduction
Let Γ be a finite group and let ω ∈ Z 3 (BΓ; U(1)) be a degree 3 cocycle. For a closed oriented 3-manifold M, the Dijkgraaf-Witten invariant of M is defined to be
where f (Φ) : M → BΓ is a mapping inducing Φ on the fundamental groups whose homotopy class is determined by Φ, [M] is the fundamental class of M, and , is the pairing H 3 (M; U(1)) × H 3 (M) → U(1). DW invariant is the partition function of a topological quantum field theory which was first proposed by Dijkgraaf-Witten [4] and then further developed by Wakui [15] , Freed-Quinn [5] , Freed [6] ; see also [12, 16] and the references therein. This TQFT associates to each closed oriented surface Σ an inner product space Z(Σ), and associates to each compact oriented 3-manifold M with non-empty boundary a vector Z(M) ∈ Z(Σ). Freed [6] generalized DW theory to arbitrary dimension.
DW invariant encodes information about the fundamental group and the fundamental class of a manifold, so it will not be surprising if there exists some connection between DW invariant and classical invariants. As an evidence, recently Chen [3] used DW invariants to count homotopy classes of mappings from a closed manifold to a topological spherical space form with given degree.
But till now, there are few explicit computations seen in the literature. In dimension 2, Turaev [14] derived the formula for the DW invariants of closed surfaces using projective representations of finite groups, and Khoi [11] extended the result to surfaces with boundary. In dimension 3, Chen [2] gave a formula for the untwisted DW invariant of Seifert 3-manifolds. As another contribution, in this article we compute the general DW invariants of Seifert 3-manifolds with orientable bases. It is not a straight generalization of [2] , but involves some fine ingredients.
Finally we shall point out that, Hansen [8] had derived a formula for the Reshetikhin-Turaev invariants of Seifert 3-manifolds, for any modular tensor category. In fact, as proved by Freed [7] , DW theory is a TQFT of Reshetikhin-Turaev type, the corresponding modular tensor category being the representation category of the twisted quantum double. It could be said that our result is essentially not new. However, our approach unfolds many details and highlights the essence; in contrast, it is by no means intuitive to view DW theory as an RT TQFT. Furthermore, our formula is more explicit and elegant.
The content is organized as follows. Section 2 consists of an exposition of DW theory. Section 3 is devoted to deriving a formula for the DW invariants of Seifert 3-manifolds with orientable bases; the result is expressed in terms of irreducible characters of the twisted quantum double of Γ. In Section 4, by number-theoretic computations, we give formulas for the DW invariants based on cyclic groups.
Exposition of Dijkgraaf-Witten theory
This section is a review of the construction of [6] in dimension 3, but we use more technical language in order to make computation more easier.
From now on let us fix a finite group Γ and a degree 3 cocycle ω valued in U(1). We can assume that ω is normalized, i.e., ω(x, y, z) = 1 whenever at least one of x, y, z is the identity e ∈ Γ.
The following conventions throughout this article. All manifolds are compact and oriented. For a manifold M, let −M denote the manifold obtained by reversing the orientation of M. Let V be the category of finite-dimensional Hermitian spaces. For a Hermitian space V with inner product (·, ·) V , let V denote its conjugate, namely, the same underlying abelian group equipped with the conjugate scalar multiplication (µ, v) → µv and the conjugate inner product (u, v) V = (v, u) V ; if λ is a positive number, then λ·V is the same underlying vector space as V equipped with the inner product (u, v) λ·V = λ · (u, v) V . Finally, by C we mean the standard 1-dimensional Hermitian space.
Preparation
For a topological space X, let Π 1 (X) denote the fundamental groupoid of X, and let B(X) denote the category whose objects are functors Π 1 (X) → Γ, where Γ is viewed as a groupoid with a single object, and whose morphisms
It is easy to see that B(X) has finitely many connected components if X is a compact manifold.
Given φ ∈ B(X). For a singular 3-simplex σ :
for a singular 3-chain
Given a morphism µ :
for a singular 2-chain ξ = j m(j)τ (j), set
The DW invariant of a surface
Suppose Σ is a closed surface. Let φ ∈ B(Σ). For a singular 2-chain ξ homologous to zero, choose ζ ∈ C 3 (Σ; Z) with ∂(ζ) = ξ, and set
This is independent of the choice of ζ,
Let S(Σ) be the category whose objects are singular 2-cycles ξ ∈ C 2 (Σ; Z) representing the fundamental class [Σ] ∈ H 2 (Σ), and there is a unique morphism from each object to another.
For each 2-cycle ξ ∈ S(Σ), and for each connected component [φ] ∈ π 0 (B(Σ)) which can be regarded as a subcategory of B(Σ), define a functor 
For any two 2-cycles ξ, ξ ′ ∈ S(Σ), there is a natural transformation
the naturalarity follows from the fact that
This defines an isometry
Definition 2.1. The DW invariant Z ω (Σ) is the inverse limit of the functor S(Σ) → V which sends ξ to Z ω (Σ, ξ) and sends the unique morphism ξ → ξ
for any ξ, ξ ′ and any morphism η :
1 (Σ) be the full subcategory of Π 1 (Σ) whose objects are 0-cells appearing as the vertices of the singular simplices appearing in objects of S 1 (Σ), and let B S 1 (Σ) be the category of functors Π
is isometric to the space of family of numbers {ϑ(ξ, φ) : ξ ∈ S 1 (Σ), φ ∈ B S 1 (Σ)} satisfying the condition (10) for any ξ, ξ ′ ∈ S 1 (Σ) and any morphism η :
The DW invariant of a 3-manifold
Suppose M is a 3-manifold with non-empty boundary. For any ξ ∈ S(∂M) and any φ ∈ B(∂M), if possible, take ζ ∈ C 3 (M; Z) with ∂(ζ) = ξ and take Φ ∈ B(M) with Φ| ∂M = φ, then ω(ζ, Φ) is independent of the choice of ζ, due to the reason similarly as in the previous subsection, noting that
, by the assumption that ω is a cocycle, we have
Let B φ (M) be the subcategory of B(M) having objects the functors Φ : Π 1 (M) → Γ with Φ| ∂M = φ and having morphisms the maps η : M → Γ with η| ∂M ≡ e. Then ω(ζ, Φ) depends only on the connected component of
From definition and (11) it follows that
is the family of numbers
Remark 2.5. By definition and (12), the family {Z ω (M)(ξ, φ)} indeed satisfies (10) for any ξ, ξ ′ and any η : φ → φ ′ .
The TQFT axioms
The following is a restatement of Assertion 4.12 of [6] :
where
is the induced isomorphism on the group of singular chains, and f
(b) (Orientation law) There is a canonical isometry
through which
where tr f is the composite
3 Computing the DW invariants of Seifert 3-manifolds 3.1 Some fundamental ingredients
Let π : R 2 → S 1 ×S 1 = Σ 1 be the universal covering map. In the notation of Remark 2.3, take S 1 (Σ 1 ) to be the category whose objects are singular 2-chains of the form 
by its values at the meridian mer := S 1 × 1 and the longitude long := 1 × S 1 ; write φ as φ x,h if φ(mer) = x and φ(long) = h.
. Let E be the vector space of functions
and equipped with the inner product
Then Z ω (Σ 1 ) ∼ = E; a canonical isometry is given by sending a family {ϑ(ξ, φ)} to the function which takes the value ϑ(ξ 0 , φ x,h ) at (x, h).
There is a canonical orthonormal basis of E which we recall from [1] . Let Conj(Γ) denote the set of conjugacy classes of Γ, for each A ∈ Conj(Γ), choose a representative x A ∈ A. Let N A be the centralizer of x A in Γ, and let R(N A , θ
where h ′ is any element making x = h ′ x A h ′−1 , and define
Let
Then {χ ρ : ρ ∈ Λ ω } forms an orthonormal basis.
We pay special attention to cyclic groups. Let Γ = Z/mZ, and let
be the obvious map. By Proposition 2.3 of [9] , a complete set of representatives of 3-cocycles can be given by
where ζ m = exp(
) and [k] mean the largest integer not greater than k.
If ρ : Z/mZ → GL(r, C) is an irreducible θ-projective representation of Z/mZ, thenρ := α −1 · ρ is an irreducible ordinary representation of Z/mZ, hence r = 1, and there exists s ∈ Z such thatρ(
we can take α = α l h with
so that
According to [1] Proposition 8, the irreducible characters of
Algebraic structures on
For any diffeomorphism f : Σ 1 → Σ 1 , by (10) and (14), for each ϑ ∈ Z ω (Σ 1 ), we have
It is well known that the mapping class group of Σ 1 is isomorphic to SL(2, Z).
If the isotopy class of f corresponds to
Combined with (34), it follows that for each ϑ ∈ E,
In particular,
Let P be the pair of pants, viewed as a cobordism from
is a morphism E ⊗ E → E, which turns out to be the multiplication
It can be proved that
Cycle calculus on torus
In order to compute the term ω f
, it is necessary to clarify some rules to which we give the name "cycle calculus on torus".
Recall ( 
Furthermore, From Figure 1 (a) it follows that
and from Figure 1 (b) it follows that (48) From Figure 3 we see that
Formula for Seifert 3-manifolds with orientable bases
Recall that (see [13] ), a closed orientable Seifert 3-manifold M can be obtained as follows. Take a circle bundle S 1 → F → R where F is orientable as a manifold and R is a surface ∂R = ⊔ n S 1 , so that ∂F = ⊔ n Σ 1 ; glue n copies of solid torus ST := D × S 1 onto F along the boundary Σ 1 's, via diffeomorphisms f j : Σ 1 → Σ 1 , j = 1, · · · , n. The "closure" of R, R = R ∪ (⊔ n D), is the base-surface, and the images of the cores of ST, S 1 ×0, are the exceptional fibers.
When f j lies in the mapping class of Σ 1 represented by
, and R is orientable/non-orientable of genus g, denote M as
In this article we only pay attention to M O (g; (a 1 , b 1 ), · · · , (a n , b n )). The computation of the DW invariant of M N (g; (a 1 , b 1 ) , · · · , (a n , b n )) turns out to be more complicated.
Notation 3.1. For z ∈ Γ, let m be the order of z and let ℓ ∈ Z/mZ be the image of [ω] under the pull-back homomorphism ι * z :
whereǎ ∈ {0, · · · , m − 1} is the residue of a modulo m. 
By induction on ν, one can show that
where in the second equation we adopt the additive notation for the cyclic group z . By (32),
hence by (52),
where in (53) we set r i z = r iz − t i m, in (54) we use the identity r i−2 = k i r i−1 + r i , and in the last equation we use r ν = t ν = 0.
By further computation, we obtain
If ab < 0, suppose r i−2 = k i r i−1 +r i , 1 i ν with k 1 0, k 2 , · · · , k ν > 0, and r −1 = b, r 0 = −a, r ν = 0. Applying (47):
, one can reduce this case to the above, replacing (32) by
Then the same formula (55) can be deduced; we mention that
Let Σ g;n,1 denote the surface with genus g and n + 1 small disks removed, regarded as a cobordism from ⊔ n S 1 to S 1 . Similarly as in [2] , the morphism Z ω (Σ g;n,1 × S 1 ) is the linear map
Since Z ω (ST)(x, h) = δ x,e , by (36),
In Figure 3 , let O = (0, 0),
. By (49), (45), (46), it is easy to see that
which is equal to κ
For integers a, b with (a, b), define
By the proof of Lemma 3.1 of [2] ,
Modifying the proof of Theorem 3.3 of [2] , one can establish Theorem 3.3. We have the following formula:
Explicit computation in the case of cyclic group
Continue to use the notations in Section 3.1.1. By the definition (59),
notice that the right-hand side is unchanged if we replacez withz + rm for any r. 
For a prime number p, let ( 
Then S p (a) = 1 2
(1 + ( a p )g 1 (χ)) when (a, p) = 1, and S p (a) = p when p|a. Thus (62) can be computed using the Legendre symbols and Gauss sums. However, the expression is very complicated in general.
For simplicity, from now on we assume that m = p is an odd prime number.
Suppose p ∤ a j for all j, let c j ∈ {1, · · · , p 2 } be the unique solution of the congruence equation a j c j ≡ 1 (mod p 2 ), then
By Theorem 3.3,
Suppose p|a j 0 for some j 0 , then n j=1 η ω l h,s (a j , b j ) = 0 unless h = 0. Without loss of generality, assume p|a j for j = 1, · · · , n 0 (1 n 0 n) and p ∤ a j for j = n 0 + 1, · · · , n. Obviously η ω l 0,s (a j , b j ) = 1 for j = n 0 + 1, · · · , n. For j = 1, · · · , n 0 , let a j = pa 
and
If n 
Summarizing the above computations, we get Theorem 4.1. Suppose the indices j ∈ {1, · · · , n} are arranged such that p|a j , p 2 ∤ a j for j ≤ n ′ 0 , p 2 | a j for n ′ 0 < j ≤ n 0 , and p ∤ a j for j > n 0 ; for j ≤ n 0 , suppose a j = pa 
